We propose a scheme to induce Z3 parafermion modes, exotic zero-energy bound states that possess non-Abelian statistics. We consider a minimal setup consisting of a bundle of four tunnel coupled nanowires hosting spinless electrons that interact strongly with each other. The hallmark of our setup is that it relies only on simple one-dimensional wires, uniform magnetic fields, and strong interactions, but does not require the presence of superconductivity or exotic quantum Hall phases. The search for an ideal system to unambiguously observe MFs still continues. At the same time, a lot of effort is invested in identifying systems that host even more exotic quasiparticles that obey non-Abelian statistics of the Fibonacci type [37] [38] [39] [40] [41] [42] [43] [44] [45] . Generating such quasiparticles is a crucial step towards a more powerful braid statistics that enables universal topological quantum computing. In contrast to MFs, proposals for Fibonacci anyons require the presence of strong electron-electron interactions. As a result, systems in the FQHE regime (which requires by itself ultraclean samples) seem to be attractive candidates: they host fractional excitations that serve as building blocks for Fibonacci anyons. However, another important ingredient for many setups is superconductivity, for which a strong magnetic field needed for FQHE has a detrimental effect. As a result, to make progress, one needs to search for schemes that do not require both strong magnetic fields and superconductivity [39, 43] .
Introduction. Topological properties in condensed matter systems have attracted wide attention over the past decade [1, 2] . In recent years, the focus has shifted to ever more exotic localized states appearing at interfaces. Such quasiparticles are often protected from local perturbations, and thus are promising candidates for qubits. In particular, the physics of Majorana fermions (MFs) has been explored in detail due to their promise of non-Abelian statistics [2] [3] [4] useful for topological quantum computing [1, 2, 5] . Several systems have been proposed to host MFs, such as fractional quantum Hall effect (FQHE) systems [1, 6] , topological insulators [7] [8] [9] , optical lattices [10, 11] , p-wave superconductors [12] , nanowires with strong Rashba spin orbit interaction [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , self-tuning RKKY systems [23] [24] [25] , and graphenelike systems [26] [27] [28] [29] [30] [31] . Though MFs possess non-Abelian statistics, it is of Ising type and thus not sufficient for universal quantum computation [32, 33] .
The search for an ideal system to unambiguously observe MFs still continues. At the same time, a lot of effort is invested in identifying systems that host even more exotic quasiparticles that obey non-Abelian statistics of the Fibonacci type [37] [38] [39] [40] [41] [42] [43] [44] [45] . Generating such quasiparticles is a crucial step towards a more powerful braid statistics that enables universal topological quantum computing. In contrast to MFs, proposals for Fibonacci anyons require the presence of strong electron-electron interactions. As a result, systems in the FQHE regime (which requires by itself ultraclean samples) seem to be attractive candidates: they host fractional excitations that serve as building blocks for Fibonacci anyons. However, another important ingredient for many setups is superconductivity, for which a strong magnetic field needed for FQHE has a detrimental effect. As a result, to make progress, one needs to search for schemes that do not require both strong magnetic fields and superconductivity [39, 43] .
In this Letter we propose a setup that neither relies on superconductivity nor on FQHE. Instead, we consider a bundle of four tunnel-coupled nanowires hosting spinless interacting electrons in the presence of a uniform magnetic field, see wires are assumed to have positive (negative) masses. As a potential realization for such systems, we envisage, for example, spin polarized graphene nanoribbons [28] and semiconducting nanowires, or optical lattices and cold atom systems [46] . The advantage of one-dimensional wires lies in the easier control of boundaries between topological and non-topological phases [32, 42] .
First, we demonstrate that even in the absence of interactions, the system can be gapped and be in two topologically distinct phases. In the trivial phase, there are no bound states in the gap. In the topological phase, there are fractionally charged fermions of Jackie-Rebbi type [47] [48] [49] [50] [51] [52] localized at the bundle ends. Such fermions are interesting on their own due to their non-Abelian statistics of Ising type [50] . Second, if electron-electron interactions inside each wire are strong, we show that the system hosts so-called parafermions (PFs) [34, 36] , sometimes also referred to as fractional MFs [44] . In particular, we focus on the case of Z 3 PFs. For this case, we show threefold degeneracy of the ground state and construct the corresponding zero-mode operators satisfying Z 3 PF statistics. Despite the fact that such PFs still do not provide universal braid statistics, it is richer than that of MFs [41, 44] .
System. We consider a bundle of four parallel wires of length l aligned in the x direction, see Fig. 1 . The upper (lower) two wires form the upper (lower) ladder, which lies in the xy plane. A uniform magnetic field B = Bẑ is applied along the z direction, and the corresponding vector potential A is chosen to point along the y direction, A = (Bx)ŷ. Each wire is labeled by two indices τ and σ, where τ = 1 (τ = −1) refers to the left (right) wires, and σ = 1 (σ = −1) refers to the upper (lower) ladders. In addition, the two upper (lower) wires, possess a positive (negative) mass m (−m). The chemical potentials µ σ in each ladder are tuned in such a way that the Fermi wavevector k F is identical in all four wires, µ 1 = −µ1 ≡ µ. As a result, the kinetic part of the Hamiltonian becomes (1) where
is the electron creation (annihilation) operator at the position x of the (τ, σ)-wire.
The upper and lower wires are weakly tunnel coupled to each other, described by the tunneling Hamiltonian
with t z denoting the hopping amplitude. The hopping in y-direction is accompanied by a magnetic Peierls phase
, resulting in
where t y is the hopping amplitude between the upper or lower two wires separated by a distance a y . Without loss of generality, we assume that t y and t z are real and positive. Furthermore, t y , t z are independent of the position x, so that the momentum along the wire is conserved in the tunneling process (for B = 0).
Direct resonant scattering. To find the energy spectrum of the system of four wires in the presence of the magnetic field, we linearize the total Hamiltonian H = H 0 +H y +H z around the Fermi points ±k F by representing the electron operators in terms of slowly varying right (R τ σ ) and left (L τ σ ) movers [50, 54] ,
First, we focus on the case of direct resonant scattering between the upper and lower two wires [56] [57] [58] . Such a resonance occurs when the magnetic phase ϕ B (x) provides a momentum transfer of 2k F necessary for back scattering between L τ σ and R τ σ (so that the total momentum is conserved). This condition is satisfied at the magnetic field B 1 = 2k F c/ea y corresponding to the magnetic phase ϕ B1 (x) = 2k F x. We note that similar resonances are at the origin of Peierls phase transition [59, 60] . In the new basis (R 11 ,L 11 ,R 11 ,L 11 ,R1 1 ,L1 1 ,R11,L11), the total Hamiltonian becomes
where the Pauli matrices τ i (σ i ) act in left/right (upper/lower) wire space, and the Pauli matrices η i act in right/left mover space. Here, k = −i∂ x is the momentum operator with eigenvalues k taken from the corresponding Fermi points ±k F , and υ F = k F /m is the Fermi velocity. The energy spectrum of H is given by
where E
(1)
± is twofold degenerate. We note that the system is gapless if t y = ±t z and is fully gapped otherwise. This signals the presence of a topological phase transition that separates a topological phase with bound states inside the gap from a trivial phase without bound states. Indeed, we find that zero-energy bound states, one localized at the left end and one at the right end of the system, exist only if t y > t z . The wavefunction of the left bound state is given by (8) in the basis (Ψ 11 , Ψ 11 , Ψ1 1 , Ψ11) . Similarly, one can construct the wavefunction of the right bound state. The localization length of the bound states is inverse proportional to the smallest gap, ξ = max{ξ 1 , ξ 2 }, where
Resonant scattering assisted by electron-electron interactions. From now on, we focus on magnetic fields such that the momentum transfer due to the magnetic phase ϕ B is larger than 2k F , so that the resonant scattering between left and right movers is possible only in the presence of strong electron-electron interactions, where the excess moment is transferred back to the electron system with the assistance of back-scattering [42, [55] [56] [57] [58] . The resonance occurs at magnetic fields satisfying B n = nB 1 , when the momentum transfer 2nk F is commensurable with 2k F . In what follows, we consider, without loss of generality, the magnetic field increased by a factor of three, i.e. B 3 = 3B 1 .
To account for electron-electron interactions, we take into the consideration the back scattering term of the strength g B ∝ U 2k F , where U 2k F is the interaction potential [63] . This allows us to construct the following momentum-conserving terms
which describe scattering processes between the upper (σ = 1) or lower (σ = −1) two wires. The momentum transfer provided by the magnetic field B 3 is 6k F . These 6k F are distributed between the process of one electron tunneling between wires (R † σσ Lσ σ ) and the process of two electrons scattering off each other inside a left (R † 1σ L 1σ ) and a right (R † 1σ L1 σ ) wire. As a result, three left moving electrons are back-scattered into three right moving electrons. Here, the parameter g y is proportional to both the initial hopping matrix element t y and the back-scattering strength g B , g y ∝ t y g 2 B . Next, we introduce chiral bosonic fields φ rτ σ such that R τ σ = e iφ1τσ and L τ σ = e iφ1 τ σ . The chiral fields are subjected to the commutation relations
with all other commutators vanishing. With this choice R τ σ (L τ σ ) satisfies the proper fermionic anticommutation relations, while the remaining ones can be satisfied by an appropriate choice of Klein factors [63] . In terms of chiral fields, Eq. (9) becomes O tyσ = g y cos(2φ 1σσ + φ 1σσ − 2φ1σ σ − φ1 σσ ). The tunneling in the y direction induces coupling between all four fields belonging to the upper (σ = 1) or lower (σ =1) wires. Similarly, the operators describing tunneling in the z direction between upper and lower wires
We note that the sets {O tyσ } and {O tzτ r } do not commute with each other and, thus, cannot be diagonalized simultaneously, so only one of them can be relevant. Their relative strengths can be assessed from their scaling dimensions [42, 56, 63] , which can be readily found in the representation of conjugate variables,
δ ]/4, and O tzτ r scales with
where K j is the interaction parameter corresponding to ϕ j and θ j .
In what follows, we work in the regime where O tyσ are relevant operators [42] . This is the case if K y < K zz or if the bare t z is of order one, so that it does not flow, and K y < 2. This would imply that in this regime the system is only partially gapped (by O tyσ ). However, there are additional terms due to interactions that we need to consider,
Rewritten in terms of chiral fields, this becomes
δ )]/4. These operators correspond to momentum-conserving tunneling processes between upper and lower wires that also include back scattering inside the wires, giving again g z ∝ t z g 2 B .
Most importantly, the set {O tyσ } commutes with {O tzτ }. Assuming that both O tyσ and O tzτ are relevant operators, we work in the limit of large g y and g z . As a result, the four commuting cosine operators fully gap the spectrum consisting of eight branches. Consequently, there are no propagating states inside the gap but there could be bound states localized at the system ends similar to the non-interacting case, see Eq. (8) . This is indeed the case, as we show next.
Parafermion bound states. To simplify further analysis, we change the basis to η rτ σ = 2φ rτ σ − φr τ σ , where the four commuting terms become
Thus, we arrive at the conclusion that all fields are pinned pairwise: η 1σσ (x) = η1σ σ (x) and η1 τ τ (x) = η 1ττ (x), so the system is fully gapped. We note that the left and right movers are not independent due to the vanishing boundary conditions at x = 0, , i.e., R τ σ (x) = −L τ σ (−x), with R τ σ (x) = R τ σ (x + 2 ) [61, 62] . Consequently, η 1τ σ (x = 0, ) = η1 τ σ (x = 0, ) + π. Next, we apply the unfolding procedure [41, 42, 49, [61] [62] [63] . To halve the number of fields, we double the wire lengths, so that they extend now from − to . Moreover, new chiral fields ξ rτ (x) are defined in such a way that the boundary conditions are automatically satisfied,
Here, the index r = 1 (r =1) corresponds to the right (left) mover field, and the index τ = ±1 distinguishes between two fields of the same chirality. The commutation relations for ξ rτ follow then from Eqs. (10) and (14) with the Klein factors taken into account (see Supplemental Material [64] ), with the only non-vanishing commutator given by
As a result, the operators
In a final step, we introduce canonically conjugate fields φ 1,2 and θ 1,2 , via ξ rτ = (rφ 1 − θ 1 + 3τ rφ 2 − 3τ θ 2 )/2 [64] . The sum of operators with g y (x) having support in [0, ] becomes
and, similarly, the ones with
In the limit of large g y and g z , the fields are pinned in both intervals to minimize the total energy,
where M, m, n are integer valued operators. First, we note that the field φ 1 is pinned uniformly to minimize the kinetic energy. Second, the non-commuting fields φ 2 and θ 2 are pinned in two neighboring regions separated by an (infinitesimal) interface. Thus, we come to a standard situation [37] [38] [39] [40] [41] [42] [43] [44] [45] where bound states arise at such interfaces. Indeed, following Refs. [41, 44] we can construct two operators α 1 and α1,
which commute with the Hamiltonian, and, hence, represent zero energy bound states, localized at x = 0 and x = . First, we note the following properties,
Second, we use the non-trivial commutation relation [φ 2 (x), θ 2 (x )] = −(iπ/3)sgn(x − x ), which follows directly from Eq. (15), giving [m, n] = 3i/4π. From this, we finally arrive at the following commutation relations between two zero-energy operators
This is our central result, which shows that α r represent Z 3 parafermion modes [34, 36] . Finally, we show that the ground state is threefold degenerate. We note that (α † 1 α1) 3 = 1, so α † 1 α1 has three distinct eigenvalues e 2iπq/3 , where q = 0, ±1 (mod 3). The corresponding eigenstates are denoted by |q . Using Eq. (23) with an appropriate phase choice [41] , we find
so the ground state is threefold degenerate.
Conclusions. We proposed a simple system that hosts zero-energy Z 3 parafermions. The main motivation for our work was to construct a minimal setup that does not require the presence of superconductivity and/or exotic quantum Hall edge states. Instead, we consider a bundle of tunnel coupled nanowires in the presence of a magnetic field, and rely only on strong interactions [53] . To advance further to even more exotic modes, in particular Fibonacci anyons, we envisage construction of twodimensional networks consisting of wire bundles (similarly to Ref. 44) . Evidently, there are many experimental challenges such as growing clean tunnel-coupled wires, controlling chemical potentials, etc., but one might hope that the experimental progress for PFs will be as rapid as for MFs. In addition, the present Letter serves as a proof of principle that addresses an important question whether the quantum Hall effect and superconductivity are necessary ingredients. As we have shown, there are much larger classes of engineered setups at which one can aim.
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